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Abstract
Certain supersymmetric sigma models in 2+1 dimensions feature multi-soliton solutions, with
and without scattering. We subject these systems to a non-anticommutative deformation by
replacing the Grassmann algebra of the odd superspace coordinates with a Clifford algebra.
Static CP 1 and scattering U(2) solitons are constructed and carry an additional spin-1/2 degree
of freedom due to the deformation. Abelian BPS solutions exist as well but have infinite action,
in contrast to the Moyal case.
1 Introduction
Noncommutative solitons occur rather generically in Moyal-deformed (2+1)-dimensional field the-
ories (see [1, 2, 3] for reviews). However, they are usually not stable under interaction unless
the model is integrable. In 2+1 dimensions, such is the case for Ward’s sigma model [4, 5], in
which a (Lorentz-breaking) WZW term insures the existence of an underlying linear system. The
Ward model appears rather naturally through a dimensional reduction of the (2+2)-dimensional
self-dual Yang-Mills system [6] to a (2+1)-dimensional Bogomolny system followed by a light-cone
gauge fixing, a story which carries over to the noncommutative realm [7]. Indeed, Moyal-deformed
multi-solitons have been constructed and investigated in this setting [8, 9, 10, 11].
When supersymmetry is added to the picture, a relation to the twistor superstring emerges [12].
Starting from the self-dual N≤4 super-Yang-Mills equations,1 one arrives at a modified U(n) chiral
model with 2N≤8 supersymmetries in (2+1) dimensions [14]. This integrable system may be
formulated in a chiral R2,1|2N superspace and has recently been subjected to a Moyal deformation
with respect to its bosonic coordinates [15, 16].
Yet, noncommutative deformations of superspace naturally involve all coordinates, i.e. the
fermionic ones as well [17, 18]. It is therefore of interest to perform a general Moyal-type defor-
mation in the aforesaid supersymmetric integrable sigma models and to investigate their deformed
solitons, should they exist. Here, we look at the other extreme, by replacing the Grassmann
algebra of the fermionic chiral-superspace coordinates by a Clifford algebra. This introduces a
non-anticommutative supersymmetric sigma model in (2+1) dimensions which is still integrable.2
The purpose of this paper is the construction and preliminary study of soliton configurations
in such sigma models. After recalling the static solitons in the conventional N=1 sigma model,
we introduce the non-anticommutative deformation and solve the deformed static BPS equations,
presenting static classical solutions of nonabelian and abelian type. Finiteness of the action selects
only the former type as a soliton, however. We then let two such solitons collide by solving the
time-dependent BPS equations for a two-soliton configuration, before closing with comments and
speculations.
2 Static solitons in the N=1 sigma model
We begin with a short review [25] of soliton configurations in the (2+0)-dimensional Grassmannian
sigma model with N=1 supersymmetry. The field Φ lives on the chiral superspace R2|2 coordina-
tized by (z, z¯|η, η¯) and takes values in the Grassmannian Gr(r, n) = U(n)U(r)×U(n−r) , i.e.
Φ ∈ U(n) with Φ† = Φ ⇔ Φ2 = 1 . (2.1)
Hence, it may be expressed in terms of a hermitian projector
P = P † = P 2 ⇔ P = T (T †T )−1T † (2.2)
based on an n×r matrix function T via
Φ = 1 − 2P ⇔ P = 12 (1− Φ) . (2.3)
1For a superspace formulation, see [13].
2Since we descend from 2+2 dimensions, spinors of opposite chirality are not related by complex conjugation, and
the difficulties encountered in [19, 20, 21, 22, 23, 24] are avoided.
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The sigma-model equation of motion follows from the action
S[Φ] =
∫
d2z d2η tr
(
(DΦ)(D¯Φ)− 14 [Φ,DΦ][Φ, D¯Φ]
)
, (2.4)
where we introduced the superderivatives
D =
∂
∂η
+ iη
∂
∂z
and D¯ = − ∂
∂η¯
− iη¯ ∂
∂z¯
, (2.5)
which realize the algebra
{D, D¯} = 0 but D2 = i∂z and D¯2 = i∂z¯ . (2.6)
For a soliton, the equation of motion is implied by the BPS condition
D¯Φ+ 12 [Φ, D¯Φ] = 0 ⇔ (1−P ) D¯ P = 0 ⇔ (1−P ) D¯ T = 0 , (2.7)
which, in view of PT = T , is equivalent to
D¯ T = T Γ for some r×r matrix Γ(z, z¯|η, η¯) . (2.8)
Since a rescaling T → TΛ does not change P , the value of Γ is inessential and we may simplify the
BPS condition to
D¯ T = 0 , (2.9)
which reveals T as a chiral superfield. The supersymmetry algebra (2.6) then implies that seperately
∂
∂η¯
T = 0 and
∂
∂z¯
T = 0 (2.10)
hold, so that our solutions are given by arbitrary holomorphic n×r matrix superfields
T = R(z|η) = R0(z) + η R1(z) . (2.11)
On a BPS configuration, the action evaluates to
SBPS[Φ] = 2
∫
d2z d2η tr (DΦ)(D¯Φ) = 8π |k| (2.12)
where k ∈ Z is the value of the topological charge
Q = 18π
∫
d2z d2η tr
(
Φ {DΦ, D¯Φ}
)
. (2.13)
Finiteness of the action (2.4) requires R0 and R1 to be rational in z, and the largest degree occurring
in R0 coincides with |k|. Changing some signs in (2.7) yields an anti-holomorphic T and k < 0,
i.e. anti-solitons.
2
3 Non-anticommutative deformation
The above setting has been extended noncommutatively, by conducting a Moyal deformation with
respect to the bosonic coordinates [15, 16]. Replacing the coordinates (z, z¯) by a Heisenberg algebra
[a, a†] = 1 not only smoothly deforms the well-known commutative soliton configurations, but also
allows for entirely new, “abelian”, solitons, which exist even for Φ ∈ U(1) and become singular in
the commutative limit. In the noncommutative setting, the BPS solution space is hugely enlarged
because the representation space Cn for Φ and P gets enhanced by the Heisenberg-algebra Fock
space to Cn⊗H. For U(1) solitons in particular, the image T of the projector P is spanned by
coherent states |α〉 of the Heisenberg algebra.
There is no compelling reason in superspace to restrict such a deformation to the bosonic
coordinates. In order to better understand the general case, we study the other extreme, i.e. Moyal-
deform only the fermionic coordinates. More concretely, in a general complex superspace Cd|N we
change the Grassmann algebra of {ηi}|i=1,...,N to the Clifford algebra
{ηi , η¯j} = 2Cij and {ηi , ηj} = 0 = {η¯i , η¯j} (3.1)
with a hermitian non-anticommutativity matrix (Cij). A U(N ) rotation diagonalizes C, and rescal-
ings (ηi, η¯i)→ (bi, b†i ) reduce its eigenvalues to their signs ǫi ∈ {−1, 0,+1}. Hence, we may write
{bi , b†j} = ǫi δij and {bi , bj} = 0 = {b†i , b†j} , (3.2)
which (when non-degenerate) is Cℓ2p,2q(R) as a real Clifford algebra, where p and q are the number
of positive and negative eigenvalues of C, respectively. In contrast to the bosonic deformation, the
representation space of the Clifford algebra is only finite-dimensional and spanned by the basis
{ |s1, s2, . . . , sN 〉 = (b†1)s1(b†2)s2 · · · (b†N )sN |0〉 } with si ∈ {0, 1} and bi|0〉 = 0 , (3.3)
and is endowed with a scalar product of real signature (2p, 2q). We remark that the N=2 “singlet
deformation” {bi, b†j} = iǫijI is equivalent to the case of Cℓ2,2.
For the rest of the paper we take ǫi=+ 1 and specialize to N = 1, because only then an action
principle is available (see above). The Clifford algebra {η, η¯} = C > 0 is rescaled to {b, b†} = 1,
which we realize by
1 =˙ ( 1 00 1 ) , b =˙ (
0 0
1 0 ) , b
† =˙ ( 0 10 0 ) , γ := [b, b
†] =˙ (−1 00 1 ) . (3.4)
The graded commutation properties with other Grassmann parameters require that we adopt an
ordering rule for multiplying the above representation matrices with (even or odd) scalars λ, namely
b λ =˙ ( 0 0λ 0 ) , λ b
† =˙ ( 0 λ0 0 ) , λ |0〉 =˙ ( 0λ ) , |1〉λ =˙ ( λ0 ) (3.5)
and the hermitian conjugate relations. Note that |0〉 is even while |1〉 is odd. Multiplication and
differentiation acting on bosonic functions B or fermionic functions F are deformed according to
the following table
Grassmann η · η¯ · ∂ηB ∂η¯B ∂ηF ∂η¯F
Clifford
√
C b · √C b†· 1√
C
[b†, B] 1√
C
[b ,B] 1√
C
{b†, F} 1√
C
{b , F} (3.6)
3
and the superspace integration turns into the Clifford trace,∫
d2η L −→ C−1strL = C−1tr (γL) = C−1(〈0|L|0〉 − 〈1|L|1〉) , (3.7)
which projects onto the γ component of its argument. As a consequence of the graded cyclic
invariance of str, the following rules apply:
str[B, ∗] = 0 = str{F,F ′} , str{B,B′} = 2 str(BB′) , str[F,F ′] = 2 str(FF ′) . (3.8)
4 Deformed solitons
The story of section 2 carries over to the Clifford-deformed realm, with superfields being replaced
by 2×2 matrix functions with diagonal and off-diagonal entries having opposite Grassmann parity.3
In particular, the BPS conditions (2.10) take the form
b T = T Γ and ∂z¯ T = 0 , (4.1)
where we have reintroduced the freedom of a Grassmann-odd holomorphic nilpotent r×r matrix
Γ(z|b) = Γ0(z) + bΓ1(z) on the right-hand side. Up to rescalings T → TΛ, the general solution
to (4.1) reads
T = R(z|b) :eb†(Γ−b): = R(z|b) (b b† + b†Γ) =˙ R(z|b)
(
Γ1 −Γ0
0 1
)
, (4.2)
with a holomorphic polynomial n×r matrix superfield R. If the factor multiplying R is invertible
it can be dropped, and we arrive at a smooth Clifford deformation of the well-known nonabelian
soliton configuration of section 2.
However, when Γ1 is not invertible, new solutions arise, in analogy with the abelian solitons for
the bosonic deformation. In case Γ1 = 0, for example, we get
T = R(z|b) eb†Γ0 :e−b†b: = R(z|b) eb†Γ0 |0〉〈0| =˙ R(z|b)
(
0 −Γ0
0 1
)
with Γ20 = 0 . (4.3)
In view of the rescaling freedom T → TΛ, this is equivalent to taking T as an n×r matrix of states
in the Clifford module,
|T 〉 = R(z|b) eb†Γ0(z) |0〉 =: R(z|b) |Γ0〉 with b |Γ0〉 = |Γ0〉Γ0 , (4.4)
where we defined the (r×r matrix of) fermionic coherent states |Γ0〉. The nilpotency of Γ0 is
achieved either via its r×r matrix structure or by the Grassmann-odd nature of its entries. Gener-
ically, the latter is true, and a change of basis in image(P ) ≃ Cr diagonalizes the matrix to
Γ0(z) = diag
(
β1(z), β2(z), . . . , βr(z)
)
with
{
βi(z), βj(z)
}
= 0 , (4.5)
which yields
|Γ0〉 = diag
(
eb
†βi(z)
)|0〉 = diag((1−βi(z)b†) |0〉) =: diag(|βi〉) with 〈βi|βj〉 = eβ¯iβj (4.6)
3Note that this 2×2 matrix is tensored with the standard matrix structure for Φ, P and T .
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and simplifies
|T 〉ij = Rij
(
z|βj(z)
) |βj〉 due to b|βi〉 = βi|βi〉 . (4.7)
Note that all states are also holomorphic functions of z.
To be even more concrete, let us specialize to Φ ∈ Gr(1, 2) = CP 1, so that
Tnab =
(
R1(z|b)
R2(z|b)
)
≃
(
G(z|b)
1
)
and |Tab〉 =
(
R1(z|β)
R2(z|β)
)
|β〉 ≃
(
G(z|β)
1
)
|β〉 , (4.8)
where we finally rescaled the lower entry of T to unity. With these provisions, we can write out
the nonabelian projector as
Pnab =
(
GH G† GH
H G† H
)
with H = (1 +G†G)−1 . (4.9)
For explicit computations, it is convenient to expand the superfields,
G(z|b) = g(z)+ b ψ(z) and H(z|b) = h− bψh2g¯−gh2ψ¯b†− ψ¯b†hbψ+ bψgh3g¯ψ¯b† , (4.10)
where we defined h = (1 + gg¯)−1. For Pnab one then obtains the explicit 2×2 matrix(
ghg¯ + bψh2g¯ + gh2ψ¯b† − ψ¯b†ghg¯bψ + bψh3ψ¯b† gh+ bψh2 − g2h2ψ¯b† − ψ¯b†ghbψ − bψgh3ψ¯b†
hg¯ + h2ψ¯b† − bψh2g¯2 − ψ¯b†hg¯bψ − bψh3g¯ψ¯b† h− bψh2g¯ − gh2ψ¯b† − ψ¯b†hbψ + bψgh3g¯ψ¯b†
)
(4.11)
with operator-valued entries or, via (3.4), a 4×4 matrix with Grassmann-valued entries, all given
in terms of an even and an odd holomorphic function, namely g(z) and ψ(z), respectively. With
this help, one easily computes, for example,
GH G† = 1−H + ψh2ψ¯ ⇒ str trPnab = str
(
GHG† +H
)
= 0 . (4.12)
The abelian projector is obtained in a similar fashion,
Pab =
(
GH G¯ GH
H G¯ H
) |β〉〈β|
〈β|β〉 =: PB · PF , (4.13)
but now with a second odd holomorphic function, β(z), appearing also in
G(z) = g(z) + β(z)ψ(z) and H(z) = h− β ψh2g¯ − gh2ψ¯ β¯ − β ψh3(1−gg¯)ψ¯ β¯ . (4.14)
One easily verifies that in this case
GH G¯ = 1−H so that str trPab =
(
trPB
)(
strPF
)
= 1 . (4.15)
Since the moduli (β, β¯) are Grassmann (and not Clifford), the matrix PB in (4.13) precisely yields
the (anti)commutative limit of Pnab when replacing β → η/
√
C. Note that this differs from the
naive replacement b→ η/√C in Pnab by a term ∼ ψψ¯1.
The factorized form of (4.13) allows for a U(1) solution,
PU(1) = PF =
|β〉〈β|
〈β|β〉 = b (1+ββ¯) b
† + b β¯ + β b† + β b†b β¯ =˙
(
ββ¯ β
β¯ 1 + ββ¯
)
, (4.16)
whose bosonic part is necessarily trivial. It depends on a single odd holomorphic function β(z) and
is embedded into CP 1 by choosing G = 0 and H = 1 in (4.13).
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5 Action and topological charge
We have found plenty of solutions to the Clifford-deformed BPS equations (4.1), and we expect
their action to be finite and equal to the topological charge whenever the coefficient functions g(z)
and ψ(z) are polynomial. This claim, however, should be verified since the action gets deformed to
SBPS = 2
∫
d2z str tr
(
b (∂zΦ) b
†(∂z¯Φ)− iC b (∂zΦ) [b ,Φ]− iC [b†,Φ] b†(∂z¯Φ)− 1C2 [b†,Φ][b ,Φ]
)
(5.1)
and the topological charge likewise.
Let us begin with the U(1) solution (4.16). Using
[b, PF ] = βγ − b , [b†, PF ] = −β¯γ + b† , b ∂zPF = −b (b† + β¯)β′ , b†∂z¯PF = b†(b+ β) β¯′ (5.2)
one quickly finds
S[ΦU(1)] = 8
∫
d2z
(
1
C
+ iβ¯β′
)(
1
C
+ iββ¯′
)
. (5.3)
The final integral diverges due to the constant term. Therefore, the U(1) solution cannot be
considered as a soliton.4 The same fate hits the abelian solution (4.13): Because
str
(
[b†, Pab][b, Pab]
)
= str
(
PB [b
†, PF ]PB [b, PF ]
)
= P 2B str
(
[b†, PF ][b, PF ]
)
= PB (5.4)
and trPB = 1 we encounter the same infinite constant.
So our hope rests on the nonabelian solution (4.9). For the derivatives and commutators in (5.1)
we compute
∂
(
GHG† GH
HG† H
)
=
(
(1−GHG†)∂GHG† (1−GHG†)∂GH
−HG†∂GHG† −HG†∂GH
)
, (5.5)
∂¯
(
GHG† GH
HG† H
)
=
(
GH∂¯G†(1−GHG†) −GH∂¯G†GH
H∂¯G†(1−GHG†) −H∂¯G†GH
)
, (5.6)
where ∂ stands for ∂z or [b
†, ·], and ∂¯ represents ∂z¯ or [b, ·]. It is important to recall that
∂z¯G = 0 = [b,G] and ∂zG
† = 0 = [b†, G†] . (5.7)
Into the above expressions, it is convenient to insert the 2×2 matrix representations
H =˙
(
h+ ψh3ψ¯ −gh2ψ¯
−ψh2g¯ h+ ψgh3g¯ψ¯
)
and 1−GHG† =˙
(
h− ψgh3g¯ψ¯ −gh2ψ¯
−ψh2g¯ h− ψh3ψ¯
)
(5.8)
as well as
G =˙
(
g 0
ψ g
)
, ∂zG =˙
(
g′ 0
ψ′ g′
)
, [b†, G] =˙
(
ψ 0
0 −ψ
)
(5.9)
4Besides, a finite action would depend on the Grassmann-odd moduli β.
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and their hermitian conjugates. Putting everything together, the supertrace kills all terms in (5.1)
except for the first one, which evaluates to
S[Φnab] = 8
∫
d2z
g′ g¯′
(1+gg¯)2
(5.10)
independent of ψ. For comparison, we have also computed the deformed topological charge and
obtained
Q[Φnab] =
1
π
∫
d2z
g′ g¯′
(1+gg¯)2
. (5.11)
Thus, for g(z) being polynomial we reproduce the familiar relation
SBPS = 8π Q = 8π deg(g) < ∞ , (5.12)
qualifying Φnab as a true soliton.
6 Adding motion and scattering
To learn more about the properties of the new non-anticommutative solitons, one would like to
study their dynamics. One possibility is to view the (2+0)-dimensional Gr(r, n) sigma models with
r = 0, 1, . . . , n for fixed n as the static sectors of a (2+1)-dimensional U(n) sigma model, again with
N=1 supersymmetry. To guarantee the existence of solitons stable under interaction, we should
lift the integrability to R2,1|2. This can be achieved by choosing the (not Lorentz-invariant but
integrable) N=1 Ward sigma model, which descends from the supersymmetric selfdual Yang-Mills
system in R2,2|2 [14, 15].
We are not aware of a proper action or energy functional for Φ(t, z, z¯|η, η¯) in the supersymmetric
Ward model, but we can investigate its equations of motion [15, 16],
(∂z+∂z¯)
(
Φ†(∂z+∂z¯)Φ
)− (∂z−∂z¯+i∂t)(Φ†(∂z−∂z¯−i∂t)Φ) = 0 ,
(∂η+∂η¯)
(
Φ†(∂z+∂z¯)Φ
)− (∂z−∂z¯+i∂t)(Φ†(∂η−∂η¯)Φ) = 0 ,
(∂η+∂η¯)
(
Φ†(∂z−∂z¯−i∂t)Φ
)− (∂z+∂z¯)(Φ†(∂η−∂η¯)Φ) = 0 ,
(∂η+∂η¯)
(
Φ†(∂η−∂η¯)Φ
)
= 0 ,
(6.1)
where the unitarity condition reads Φ†Φ = ΦΦ† = 1. These equations derive from a linear system,
which allows one to employ the dressing method for constructing time-dependent multi-soliton
solutions, as was demonstrated in [15]. There it was found that lumps with nonzero relative
asymptotic velocities keep their speed throughout the evolution and do not scatter. However,
in the limit of coinciding asymptotic velocities new solutions with typical π2ℓ head-on scattering
emerge [16].
The above system of equations can be Clifford-deformed by simply applying the transition (3.6)
to the Grassmann-odd derivatives. Thereafter, the considerations of [15, 16] apply to this “non-
anticommutative Ward model” almost literally, and we may construct a plethora of non-anticom-
mutative multi-soliton configurations. Like in the (anti)commutative setting, a nontrivial scattering
behavior requires taking the coincidence limit for the velocity parameters of the lumps involved.
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For the simplest such case, a two-soliton scattering, we may choose both lumps to be asymptotically
static without loss of generality. This allows us to utilize our static coordinates (t, z, z¯|η, η¯) in the
common rest frame and parametrize the time-dependent configuration as
Φ = (1− 2P ) (1 − 2P˜ ) with P = T (T †T )−1T † and P˜ = T˜ (T˜ †T˜ )−1T˜ † . (6.2)
This expression fulfils the equations of motion (6.1) if T satisfies the BPS conditions (4.1) and T˜
solves its own BPS equations in the background of P [16],
∂z¯T˜ +(∂z¯P ) T˜ = 0 and ∂tT˜ −2i(∂zP ) T˜ = 0 and [b , T˜ ]+[b+b†, P ] T˜ = 0 , (6.3)
which render it non-holomorphic. Concerning T , we take the nonabelian static soliton T = R(z|b).
For T˜ , we copy from [16] the ansatz
T˜ = T + T⊥(T
†
⊥T⊥)
−1G˜ with T †T⊥ = 0 ⇔ 1− P = T⊥(T †⊥T⊥)−1T †⊥ , (6.4)
introducing a projector orthogonal to P and a new superfield G˜(t, z, z¯|b, b†). This allows us to
simplify the dressed BPS equations (6.3) to
∂z¯G˜ = 0 and ∂tG˜− 2iT †⊥∂zT = 0 and [b, G˜] + T †⊥[b†, T ] = 0 . (6.5)
Specializing to the U(2) model, we make use of the scaling freedom to put
T =
(
G(z|b)
1
)
⇒ T⊥ =
( −1
G†(z¯|b†)
)
. (6.6)
With these inputs, the three equations (6.5) become
∂z¯G˜ = 0 and ∂tG˜+ 2i ∂zG = 0 and [b, G˜]− [b†, G] = 0 , (6.7)
respectively. Their solution is given by
G˜ = −2i(t ∂zG(z|b) +K(z|b)) − b†G(z|b) b† (6.8)
with one more holomorphic superfield K. The last term may be written as b†Gb† = −12
[
b†, [b†, G]
]
.
Altogether, we have
T˜ =
(
G
1
)
+
(
1
−G†
)
(1 +GG†)−1
(
2i t ∂zG+ 2iK + b
†Gb†
)
. (6.9)
Expanding
G(z|b) = g(z) + b ψ(z) and K(z|b) = k(z) + b κ(z) , (6.10)
one can work out an explicit matrix expression for P˜ and, hence, for Φ in terms of the four
holomorphic functions above. However, this becomes rather lengthy and will not be displayed
here. Instead, we make some qualitative remarks about the properties of the constructed two-
soliton solution. Its time dependence, multiplying ∂zG, is linear in T˜ but nonpolynomial in Φ since
T˜ †T˜ must be inverted for computing P˜ . In a 1/t expansion for t → ±∞, the leading part of P˜
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equals 1−P , thus Φ approaches −1 asymptotically. When we set the nilpotent pieces to zero, the
configuration boils down to the familiar bosonic one [26, 27, 28]. Thus, the trajectory of the bosonic
core is determined by g and k, and for a simple choice like
g(z) = z and k(z) = z2 (6.11)
we already know that π2 head-on scattering is produced.
The interesting question is, therefore, in which way the non-anticommuting degrees of freedom
modify the bosonic dynamics. The supersymmetrization gave us two additional moduli functions,
ψ and κ, and the Clifford deformation doubled the representation space by tensoring with C2, like
for a spin-12 particle. Let us finally take a look at the most extreme case,
G = b ψ and K = 0 , i.e. g = k = 0 = κ . (6.12)
It is simple enough to present the soliton configuration explicitly,
Φ =
(
1− 2ψψ¯ b†b+Σ11 b b† −2ψ b† +Σ12 b
−2ψ¯ b+Σ21 b† 1 + 2ψψ¯ bb† +Σ22 b†b
)
(6.13)
with
Σ11 = −4itψ′ψ¯ − 4itψ ψ¯′ − 8t2ψ′ψ¯′(1+2ψψ¯) , Σ12 = +4itψ′(1+2ψψ¯)− 16t2ψ ψ′ψ¯′ ,
Σ21 = −4itψ¯′(1+2ψψ¯) + 16t2ψ¯ ψ′ψ¯′ , Σ22 = −4itψ′ψ¯ − 4itψ ψ¯′ + 8t2ψ′ψ¯′(1+6ψψ¯) ,
(6.14)
where a prime denotes a derivative with respect to the holomorphic or antiholomorphic argument.
The non-standard large-time behavior of this configuration arises from(
1− ψ ψ¯ − 4t2ψ′ψ¯′(1−ψψ¯))−1 = 1 + ψ ψ¯ + 4t2ψ′ψ¯′(1+ψψ¯) (6.15)
when inverting T˜ †T˜ and is due to the nilpotent nature of the combination tψ′.
7 Conclusions
We have taken a first look at solitons in a non-anticommutative field theory, namely Ward’s inte-
grable U(n) sigma model on the deformed superspace R
2,1|2
C where the index C indicates a Clifford
deformation {η, η¯} = 2C of the fermionic coordinates. We have demonstrated that time-dependent
multi-soliton configuration with and without scattering can be constructed using the familiar dress-
ing method, and displayed a few examples.
In analogy to the bosonic Moyal-deformed situation, new “abelian” BPS configurations were
found. These are based on fermionic coherent states and lack a C→0 limit. In contrast to their
bosonic cousins, however, their energy turns out to be infinite. Therefore, proper solitons occur
only as non-anticommutative deformations of nonabelian ones.
For multi-soliton solutions without relative motion of the lumps, one is reduced to the static
sector, described by a deformed N=1 Grassmannian sigma model on R2. In this situation an action
is known, and its value for the deformed CP 1 solitons was shown to agree with their topological
charge. The latter remains undeformed and is determined by the bosonic core alone.
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We would like to learn more about the dynamics of these “non-anticommutative solitons”. It
is interesting to speculate, for instance, that the new spin-12 degree of freedom endowed by the
Clifford-algebra representation space C2 might affect their scattering behavior. However, in the
absence of an energy density it is unclear how to extract physical space-time properties from these
field configurations.
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